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Abstract
It is shown that the integrable discrete Schwarzian KP (dSKP) equa-
tion which constitutes an algebraic superposition formula associated with,
for instance, the Schwarzian KP hierarchy, the classical Darboux trans-
formation and quasi-conformal mappings encapsulates nothing but a fun-
damental theorem of ancient Greek geometry. Thus, it is demonstrated
that the connection with Menelaus’ theorem and, more generally, Clifford
configurations renders the dSKP equation a natural object of inversive ge-
ometry on the plane. The geometric and algebraic integrability of dSKP
lattices and their reductions to lattices of Menelaus-Darboux, Schwarzian
KdV, Schwarzian Boussinesq and Schramm type is discussed. The dSKP
and discrete Schwarzian Boussinesq equations are shown to represent dis-
cretizations of families of quasi-conformal mappings.
1 Introduction
The celebrated Kadomtsev-Petviashvili (KP) equation was derived some thirty
years ago [1] in connection with the propagation of weakly two-dimensional
waves in nonlinear media. Subsequently [2, 3], it was shown that the KP equa-
tion is amenable to the Inverse Scattering Transform (IST) method and hence
possesses all the remarkable properties which are commonly associated with
soliton equations (see, e.g., [4, 5, 6]). In particular, there exist several infi-
nite families of soliton equations which are related to the KP equation such as
the KP, modified KP (mKP) and Schwarzian KP (SKP) hierarchies. Since its
discovery, the KP equation has been the subject of extensive research. Thus,
the KP equation and associated structures not only find application in plasma
physics and hydrodynamics but also make important appearances in various
other areas of physics and mathematics such as modern string theory [7, 8, 9]
and algebraic geometry [10].
In the present paper, it is demonstrated that there exist profound connec-
tions between the KP hierarchy of modern soliton theory and beautiful construc-
tions of plane geometry associated with the names of the Greek scholar Menelaus
†Permanent address: Dipartimento di Fisica, Universita` di Lecce and Sezione INFN, 73100
Lecce, Italy
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(Menelaos of Alexandria, Ist–IInd century) who is perhaps best known for his
treatise Sphaerica on spherical geometry and the distinguished British philoso-
pher and mathematician Clifford (XIXth century). Specifically, it is shown that
the algebraic 6-point superposition formula for the scalar SKP hierarchy en-
capsulates nothing but the classical Theorem of Menelaus and, more generally,
Clifford’s point-circle configurations. As noticed by Clifford, the latter are nat-
urally embedded in the classical theory of inversive geometry and, indeed, the
6-point relation, which is known to represent a discrete Schwarzian KP (dSKP)
equation, turns out to be invariant under the group of inversive transformations.
Thus, the dSKP equation constitutes a natural object of inversive geometry on
the plane. By construction, the SKP hierarchy represents an infinite set of mo-
tions of points on the plane which preserve the basic dSKP 6-point relation and
therefore its geometric properties.
In Section 2, we demonstrate the universal nature of the dSKP 6-point re-
lation by (re-)deriving it in various different settings. Contact is made with the
classical Darboux transformation and quasi-conformal mappings. In Section 3,
the connection with Menelaus’ theorem, Clifford configurations and inversive
geometry is established. Section 4 is concerned with the interpretation of the
dSKP equation as a lattice equation. It is shown how a canonical ‘Lax triad’ is
obtained geometrically by introducing shape factors which encode certain an-
gles in the dSKP lattice. It turns out that the shape factors are governed by
an integrable discrete KP wave function equation. If the shape factors are real
then the dSKP lattice consists of Menelaus figures. This observation leads to a
Menelaus-type reduction of the discrete Darboux system defining special con-
jugate lattices in ambient spaces of arbitrary dimension. In Section 5, canon-
ical dimensional reductions of the dSKP equation to the discrete Schwarzian
Korteweg-de Vries (dSKdV) and Boussinesq (dSBQ) equations are interpreted
geometrically. Degenerate Clifford lattices are shown to include discrete confor-
mal mappings and the particular class of Schramm circle patterns. Lattices on
circles and a Combescure-type transformation are considered. The final section
deals with the natural continuum limit of the dSKP equation and its dSKdV
and dSBQ reductions. Conformal and particular classes of quasi-conformal map-
pings are obtained.
The results presented here lead to the remarkable observation that, in prin-
ciple, the complete KP theory may be retrieved from an elementary theorem of
plane geometry which is 2000 years old!
2 The discrete Schwarzian KP equation
The present paper is concerned with the soliton-theoretic and geometric signif-
icance of the 6-point relation
(P1 − P2)(P3 − P4)(P5 − P6)
(P2 − P3)(P4 − P5)(P6 − P1)
= −1 (2.1)
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on the complex plane. In this section, we focus on its derivation in the context
of superposition principles associated with the Kadomtsev-Petviashvili (KP)
hierarchy and quasi-conformal mappings.
2.1 The Schwarzian KP hierarchy
The Schwarzian KP (SKP) equation
Φt3 = Φt1t1t1 +
3
2
Φ2t2 − Φ
2
t1t1
Φt1
+ 3Wt2Φt1 , Wt1 =
Φt2
Φt1
(2.2)
arises within the Painleve´ analysis as the singularity manifold equation asso-
ciated with the KP equation [11]. Here, Φ(t1, t2, t3) denotes a complex-valued
function and Φti = ∂Φ/∂ti. The SKP equation is readily seen to be invariant
under the class of Mo¨bius transformations
Φ→ Φ′ =
aΦ+ b
cΦ+ d
, (2.3)
where a, b, c, d are arbitrary complex constants (ad − bc 6= 0), if one formu-
lates (2.2) in terms of the Schwarzian derivative [11]. It constitutes the first
member of the infinite Mo¨bius invariant SKP hierarchy of integrable equations
with independent variables t1, t2, t3, t4, . . .. The latter hierarchy admits a purely
algebraic superposition formula which has been set down in [12, 13]. Thus, if
Φ = Φ(t), t = (t1, t2, t3, . . .) (2.4)
constitutes a solution of the SKP hierarchy then the six solutions
Φi = TiΦ, Φik = TiTkΦ, i, k = 1, 2, 3; i 6= k, (2.5)
where
TiΦ(t) = Φ(t+ [ai]) = Φ
(
t1 + ai, t2 +
a2i
2
, t3 +
a3i
3
, . . .
)
(2.6)
and ai = const, obey the 6-point relation (2.1) in the form
(Φ1 − Φ12)(Φ2 − Φ23)(Φ3 − Φ13)
(Φ12 − Φ2)(Φ23 − Φ3)(Φ13 − Φ1)
= −1. (2.7)
In the present context, the relation (2.7) may be interpreted as a lattice equation
if one introduces the change of variables [14]
tk =
1
k
∞∑
l=1
akl nl, k = 1, 2, 3, . . . (2.8)
so that the operations Ti, i = 1, 2, 3 are associated with unit increments of the
variables ni, that is, for instance,
T1Φ(n1, n2, n3, . . .) = Φ(n1 + 1, n2, n3, . . .). (2.9)
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In fact, it has been shown [12, 13] that (2.7) constitutes a discrete version of the
SKP hierarchy and may therefore be termed discrete Schwarzian KP (dSKP)
equation. The dSKP equation not only encodes the SKP hierarchy but also its
Ba¨cklund transformation and various semi-discrete hierarchies [12, 13, 15]. It
is noted that, by construction, the dSKP equation is invariant under both the
Mo¨bius transformation (2.3) and the SKP flows.
The relation between Φ and the KP wave function f and its dual f∗ is given
by [12, 13, 15]
∆iΦ = f
∗fi, (2.10)
where ∆i = Ti − 1, fi = Tif and f, f
∗ are related by
fi − fk
fik
=
f∗k − f
∗
i
f∗
. (2.11)
Elimination of f or f∗ gives rise to the ‘discrete (dual) wave function equations’
f1 − f2
f12
+
f2 − f3
f23
+
f3 − f1
f13
= 0
f∗
13
− f∗
12
f∗
1
+
f∗
12
− f∗
23
f∗
2
+
f∗
23
− f∗
13
f∗
3
= 0.
(2.12)
In fact, it is not difficult to show that the dSKP equation guarantees that there
exists a parametrization of the form (2.10) and the compatibility conditions
[∆i,∆k]Φ = 0 result in (2.11). In addition, the compatibility conditions associ-
ated with the relations
∆iΦ
∆kΦ
=
fi
fk
,
∆∗iΦ
∆∗kΦ
=
f∗
i¯
f∗
k¯
, (2.13)
where fi¯ = T
−1
i f and ∆
∗
i = T
−1
i − 1, produce (2.12). Conversely, if f and f
∗
are solutions of (2.12) related by (2.11) then the defining relations (2.10) for Φ
are compatible and the dSKP equation is satisfied. The algebraic superposition
formulae (2.12) for the discrete (dual) KP wave functions have been derived in
a different manner in [16].
2.2 A superposition principle associated with the classical
Darboux transformation
A generic feature of integrable systems is the existence of superposition prin-
ciples (permutability theorems) associated with Ba¨cklund-Darboux-type trans-
formations [17]. It turns out that the dSKP equation may also be derived via
iterative application of the classical Darboux transformation [18] to the ‘scat-
tering problem’ of the KP hierarchy
φy = φxx + uφ, (2.14)
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where x = t1, y = t2. Thus, if φ and φ
i, i = 1, 2, 3 are solutions of the
Schro¨dinger equation (2.14) corresponding to the potential u then another three
solutions (φi, ui) are given by the Darboux transforms
Di : φi = φx −
φix
φi
φ, ui = u+ 2(lnφ
i)xx. (2.15)
The particular solutions (φki , ui) defined by
φki = φ
k
x −
φix
φi
φk, i 6= k (2.16)
may be used to obtain the ‘second-generation’ Darboux transforms
φik = φix −
φkix
φki
φi =
∣∣∣∣∣∣
φi φix φ
i
xx
φk φkx φ
k
xx
φ φx φxx
∣∣∣∣∣∣∣∣∣∣ φ
i φix
φk φkx
∣∣∣∣
. (2.17)
The latter formulation in terms of Wronskians shows that φik = φki which
encapsulates the well-known permutability theorem associated with the classical
Darboux transformation:
Di ◦ Dk = Dk ◦ Di. (2.18)
Due to this important commutativity property, it is possible to interpret the
action of the Darboux transformations Di as shifts on a lattice, that is, for
instance,
φ = φ(n1, n2, n3), φ1 = φ(n1+1, n2, n3), φ12 = φ(n1+1, n2+1, n3). (2.19)
It is now readily verified that the relations (2.15)1 and (2.17) may be combined
to obtain the superposition principle (or lattice equation)
φ13 − φ12
φ1
+
φ12 − φ23
φ2
+
φ23 − φ13
φ3
= 0. (2.20)
The latter is precisely of the form (2.12)2.
In order to derive the dSKP equation, it is required to take into account the
action of the Darboux transformation on the adjoint Schro¨dinger equation
− ψy = ψxx + uψ (2.21)
and the associated bilinear potential M =M(ψ, φ) defined by
Mx = ψφ, My = ψφx − ψxφ. (2.22)
Thus, it is readily verified that the pairs (ψi, ui), where
ψi = −
M i
φi
, M i =M(ψ, φi), (2.23)
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constitute solutions of the adjoint Schro¨dinger equation (2.21). Moreover, the
bilinear potentials Mi =M(ψi, φi) read
Mi =M −M
i φ
φi
, (2.24)
where the constants of integration have been set to zero. In particular, the
bilinear potentials Mki =M(ψi, φ
k
i ) are given by
Mki =M
k −M i
φk
φi
. (2.25)
Accordingly, the second-generation bilinear potentials Mik = M(ψik, φik) as-
sume the form
Mik =Mi −M
k
i
φi
φki
=M +
M iφkφk −M
kφiφi
φiφkx − φ
kφix
(2.26)
so that, once again, Mik = Mki. Elimination of the quantitites Mi, φi and φ
i
x
from (2.24) and (2.26) now produces the superposition principle
(M1 −M12)(M2 −M23)(M3 −M13)
(M12 −M2)(M23 −M3)(M13 −M1)
= −1 (2.27)
which, regarded as a lattice equation, is nothing but the dSKP equation.
2.3 A superposition principle for quasi-conformal map-
pings
In Section 6, it is shown that, in the continuum limit, the solutions of the
dSKP equation define particular quasi-conformal mappings. The latter consti-
tute mappings of the form
Z : C→ C (2.28)
defined by
Zz¯ = µZz, (2.29)
where µ denotes a bounded but otherwise arbitrary function. If µ = 0 then
Zz¯ = 0 and hence Z is analytic and defines a conformal mapping. In general, Z
is termed a pseudo-analytic function. Quasi-conformal mappings have various
important applications in mathematics and physics [19]-[23]. In particular, they
have been used in the study of plane gasdynamics by Bers [24].
The Beltrami equation (2.29) is invariant under the Darboux-type transfor-
mations
Di : Z → Zi = Z −
Zi
Ziz
Zz, (2.30)
where Zi, i = 1, 2, 3 represent another three solutions of the Beltrami equa-
tion with the same potential µ. It is noted that µ is preserved by Di. As in
Section 2.2, the particular solutions
Zki = Z
k −
Zi
Ziz
Zkz , i 6= k (2.31)
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generate the Darboux transforms
Zik = Zi −
Zki
Zkiz
Ziz . (2.32)
Thus, the commutativity property Zik = Zki holds and, as a consequence, the
six relations (2.32) may be combined to obtain
(Z1 − Z12)(Z2 − Z23)(Z3 − Z13)
(Z12 − Z2)(Z23 − Z3)(Z13 − Z1)
= −1. (2.33)
Accordingly, the dSKP equation may also be regarded as a superposition prin-
ciple for quasi-conformal mappings or pseudo-analytic functions.
2.4 Tau-function parametrizations
It is well-known (see, e.g., [6]) that the KP hierarchy and associated quanti-
ties may be expressed in terms of tau-functions which obey the discrete Hirota
equation
τ12τ3 = τ23τ1 + τ13τ2. (2.34)
For instance, the dual wave function f∗ is related to a tau-function τ via
f∗
2
= f∗
1
+
τ12τ
τ1τ2
f∗, f∗
3
= f∗
1
+
τ13τ
τ1τ3
f∗. (2.35)
This linear system is compatible modulo the discrete Hirota equation and the
discrete dual wave function equation (2.12)2 is identically satisfied.
Now, on the one hand, the quantity
τ˜ = f∗τ (2.36)
is readily shown to be another solution of the discrete Hirota equation. In fact, τ˜
constitutes a discrete Darboux transform of τ . Thus, the dual KP wave function
admits the representation
f∗ =
τ˜
τ
, (2.37)
where τ˜ is a solution of the compatible system
τ˜2τ1 = τ˜1τ2 + τ˜ τ12
τ˜3τ1 = τ˜1τ3 + τ˜ τ13
τ˜2τ3 = τ˜3τ2 + τ˜ τ23.
(2.38)
The equations (2.38)1,2 are obtained by inserting f
∗ as given by (2.37) into the
linear system (2.35). The remaining relation (2.38)3 is redundant and has been
added merely for reasons of symmetry.
On the other hand, the quantity
τˆ = Φτ (2.39)
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also constitutes another solution of the discrete Hirota equation. This solution
may be interpreted as a discrete binary Darboux transform of the seed solu-
tion τ . Accordingly, any solution of the dSKP equation may be written as the
ratio of two tau-functions, namely
Φ =
τˆ
τ
. (2.40)
In conclusion, it is noted that the integrable nature of the dSKP equation
(2.7) and the discrete (dual) KP wave function equations (2.12) is inherited from
the integrable (Schwarzian) KP hierarchy. In particular, the IST and ∂¯-dressing
methods and Ba¨cklund transformations may be employed to construct large
classes of corresponding solutions [3, 4, 5, 17]. On the other hand, the fact that
the dSKP equation resembles some equations of integrable discrete geometry [25]
and is invariant under Mo¨bius transformations suggests that the dSKP equation
may be interpreted geometrically. Such belief has been expressed in [15] but no
satisfactory geometric interpretation has been provided. Here, we address this
problem and place the dSKP equation in a rather unexpected geometric setting.
3 Menelaus’ theorem, Clifford configurations and
the local dSKP equation
In the preceding, it has been shown that the 6-point relation (2.1) may be
identified with the local dSKP equation (2.7). Now, the remarkable observation
is that this 6-point relation encapsulates nothing but a theorem which was set
down some 2000 years ago and ‘is of great importance’ [26] in plane geometry
(see, e.g., [27, 28]). It bears the name of Menelaus and may be regarded as an
axiom of affine geometry [29].
3.1 Menelaus’ theorem
Theorem 1 (Menelaus’ theorem [Ist century AD] and its converse).
Let A,B,C be the vertices of a triangle and D,E, F be three points on the
(extended) edges of the triangle opposite to A,B,C respectively (see Figure 1).
Then, the points D,E, F are collinear if and only if
AF
FB
BD
DC
CE
EA
= −1, (3.1)
where PQ/QR denotes the ratio of directed lengths associated with any three
collinear points P,Q,R.
The key relation (3.1) is indeed of the form (2.1) or (2.7) but it is formulated
in terms of real numbers. Its complex-valued version (see, e.g., [30]) is obtained
by regarding the plane spanned by the triangle as the complex plane and la-
belling the points A, . . . , F by complex numbers according to (see Figure 1)
A = Φ1, B = Φ2, C = Φ3, D = Φ23, E = Φ13, F = Φ12. (3.2)
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A B
C
F
E
DR2
Φ1 Φ2
Φ3
Φ12
Φ13
Φ23C
Figure 1: A Menelaus figure
Due to the collinearity of the points (A,B, F ), (B,D,C) and (A,E,C), the
ratios
α =
Φ12 − Φ1
Φ12 − Φ2
, β =
Φ23 − Φ2
Φ23 − Φ3
, γ =
Φ13 − Φ3
Φ13 − Φ1
(3.3)
are real and, indeed,
α = −
AF
FB
, β = −
BD
DC
, γ = −
CE
EA
. (3.4)
Thus, if we define the multi-ratio
M(P1, P2, P3, P4, P5, P6) =
(P1 − P2)(P3 − P4)(P5 − P6)
(P2 − P3)(P4 − P5)(P6 − P1)
(3.5)
then the Menelaus relation (3.1) may be cast into the form
M(Φ1,Φ12,Φ2,Φ23,Φ3,Φ13) = −1. (3.6)
We therefore conclude that any six points associated with a ‘Menelaus figure’
(Figure 1) give rise to a particular solution of the local dSKP equation.
The general solution of (3.6) is obtained by exploiting its symmetry group.
It is evident that, in addition to the Mo¨bius transformation (2.3), equation (3.6)
is invariant under complex conjugation Φ → Φ¯. The set of these transforma-
tions form the group of inversive transformations on the plane. It consists of
Euclidean motions, scalings and inversions in circles. Analytically, the latter
are represented by transformations of the form
Φ→ Φ′ = Φ∗ +
r2
Φ¯− Φ¯∗
, (3.7)
where r and Φ∗ denote the radius and centre of a circle respectively. The
inversion (3.7) converts circles passing through the point Φ∗ into straight lines
and vice versa while generic circles are mapped to circles. Inversive geometry
9
is concerned with the properties of figures on the plane which are preserved by
inversive transformations [28, 31]. Accordingly, the 6-point relation (3.6) and
therefore the dSKP equation are objects of inversive geometry on the plane.
If we now apply a generic inversion to a Menelaus figure (Figure 1) then
we obtain four circles passing through the point Φ∗ as shown in Figure 2. It
Φ1
Φ13
Φ3
Φ12
Φ23
Φ2
Φ∗
Figure 2: A Menelaus configuration
is natural to term this figure ‘Menelaus configuration’ since it may be mapped
to a Menelaus figure by means of an inversion with respect to the point of
intersection Φ∗ without changing the multi-ratio M(Φ1,Φ12,Φ2,Φ23,Φ3,Φ13).
A simple counting argument indicates that the set of Menelaus configurations
should encapsulate the general solution of (3.6). Indeed, the following theorem
which constitutes a geometric interpretation of the 6-point relation (3.6) holds:
Theorem 2 (Inversive geometry of the local dSKP equation). Let
Φ1,Φ12,Φ2,Φ23,Φ3,Φ13 be six generic points on the complex plane. Then,
the four circles passing through (Φ1,Φ12,Φ2), (Φ2,Φ23,Φ3), (Φ3,Φ13,Φ1) and
(Φ12,Φ23,Φ13) meet at a point Φ∗ if and only if
M(Φ1,Φ12,Φ2,Φ23,Φ3,Φ13) = −1. (3.8)
Proof. On the one hand, if the four circles intersect at a point Φ∗ then one may
apply an inversion with respect to that point and a Menelaus figure is obtained.
According to the Menelaus theorem, the associated multi-ratio is equal to −1
and since the multi-ratio is invariant under inversive transformations (up to
complex conjugation), we deduce that (3.8) holds.
On the other hand, let us assume that the 6-point relation (3.8) holds. We
first draw two circles passing through the points (Φ1,Φ12,Φ2) and (Φ3,Φ13,Φ1).
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Since we consider the generic situation, these intersect at Φ1 and some point Φ∗,
say. Another two circles are now determined by the triplets (Φ2,Φ∗,Φ3) and
(Φ12,Φ∗,Φ13). The latter pair of circles intersect at Φ∗ and some point Φ◦◦.
The argument employed in the first part of this proof now shows that the points
Φ1,Φ12,Φ2,Φ◦◦,Φ3,Φ13 and the corresponding four circles which meet at Φ∗
form a Menelaus configuration, whence
M(Φ1,Φ12,Φ2,Φ◦◦,Φ3,Φ13) = −1. (3.9)
However, since both Φ23 and Φ◦◦ are solutions of the same linear equation (3.8)
(or (3.9)), it is concluded that Φ◦◦ coincides with Φ23 and the proof is complete.
3.2 Clifford configurations
It is evident that if (3.8) holds then
M(Φ12,Φ2,Φ23,Φ3,Φ13,Φ1) = −1. (3.10)
This implies, in turn, that the four circles passing through (Φ13,Φ1,Φ12),
(Φ12,Φ2,Φ23), (Φ23,Φ3,Φ13) and (Φ1,Φ2,Φ3) likewise meet at a point Φ∗∗ as
illustrated in Figure 3. Inspection of Figure 3 shows that the eight circles and
1
13
3
12
23
2
∗
∗∗
Figure 3: A C4 Clifford configuration
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eight points are positioned in such a way that there exist four circles passing
through each point and four points lying on each circle. Configurations of this
kind are known as C4 Clifford configurations [32, 33]. These are constructed
in the following way. Consider a point P on the plane and four generic circles
S1, S2, S3, S4 passing through P . The additional six points of intersection are
labelled by P12, P13, P14, P23, P24, P34. Here, the indices on Pik correspond to
those of the circles Si and Sk. By virtue of Theorem 2, the associated multi-ratio
is given by
M(P14, P12, P24, P23, P34, P13) = −1. (3.11)
Any three circles Si, Sk, Sl intersect at three points and therefore define a circle
Sikl passing through these points. Clifford’s circle theorem [34] (and Theorem 2)
then states that the four circles S123, S124, S134, S234 meet at a point P1234.
Thus, Figure 3 indeed displays a C4 configuration with, for instance,
P = Φ∗∗, P12 = Φ12, P13 = Φ13, P14 = Φ1
P23 = Φ23, P24 = Φ2, P34 = Φ3, P1234 = Φ∗.
(3.12)
Remarkably, Clifford configurations (Cn) exist for any number of initial circles
S1, . . . , Sn passing through a point P .
The circles and points of a (C4) Clifford configuration are known to appear
on equal footing in the sense that the angles made by the four oriented circles
passing through a point are the same for all eight points [32]. Indeed, if we
apply an inversion with respect to any of the eight points P, . . . , P1234 then
four circles are mapped to four straight lines and the images of the remaining
four circles meet at a point. Thus, we obtain a Menelaus figure and retrieve
Wallace’s theorem [35] which states that the four circumcircles of the triangles
formed by four lines pass through a point. This is illustrated in Figure 4. Due to
the symmetry of the C4 configuration, corresponding lines of the eight Menelaus
figures which are obtained by inversion and appropriate rotation are parallel.
It is noted in passing that there exists an elegant way of parametrizing
Clifford and Menelaus configurations [31]. This may be exploited to prove in a
purely algebraic manner, for instance, Steiner’s theorem [36] which states that
in a Wallace configuration the centres and the point of intersection of the four
circumcircles lie on a circle (cf. Figure 4).
4 Clifford and Menelaus lattices. Geometric in-
tegrability
In the previous section, the connection between the local dSKP equation and
Menelaus configurations has been established. We now return to the interpre-
tation of the dSKP equation
M(Φ1,Φ12,Φ2,Φ23,Φ3,Φ13) = −1 (4.1)
12
A B
C
F
E
D
cAFE
cBFD
cCED
cABC
Q
Figure 4: A Wallace configuration
as a lattice equation for maps of the form
Φ : Z3 → C. (4.2)
As in Section 2, the indices on Φ are interpreted as shifts on the lattice. Accord-
ingly, lattices of the form (4.2) subject to the dSKP equation (4.1) are integrable
and consist of an infinite number of Menelaus configurations. In order to dis-
tinguish these lattices from lattices which are composed of Menelaus figures, we
refer to these lattices as Clifford lattices. In this connection, it is noted that any
Menelaus configuration of a Clifford lattice may be mapped to a Menelaus figure
by means of an inversion. However, in general, the remaining Menelaus config-
urations are not converted into Menelaus figures. We here embark on a study of
the ‘geometric integrability’ of Clifford lattices and show that Menelaus lattices
indeed exist and are likewise integrable. The latter turn out to be related to a
canonical reduction of the integrable discrete Darboux system [37, 38].
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4.1 Clifford lattices
We begin with a lattice Φ of the form (4.2) which contains one Menelaus con-
figuration, that is there exist six points Φ1,Φ12,Φ2,Φ23,Φ3,Φ13 such that (4.1)
holds. It is natural to introduce complex parameters α, β and γ according to
(cf. (3.3))
α =
Φ12 − Φ1
Φ12 − Φ2
, β =
Φ23 − Φ2
Φ23 − Φ3
, γ =
Φ13 − Φ3
Φ13 − Φ1
. (4.3)
These encode the angles made by the edges of the triangles ∆(Φ1,Φ12,Φ2),
∆(Φ2,Φ23,Φ3) and ∆(Φ3,Φ13,Φ1) respectively and therefore the equivalence
classes of triangles which are similar [30]. The definitions (4.3) may be re-
garded as linear equations for Φ1,Φ12,Φ2,Φ23,Φ3,Φ13 with the ‘shape’ param-
eters α, β, γ as coefficients:
Φ12 − Φ1 = α(Φ12 − Φ2)
Φ23 − Φ2 = β(Φ23 − Φ3)
Φ13 − Φ3 = γ(Φ13 − Φ1).
(4.4)
The Menelaus configuration is then encapsulated in the relation
αβγ = 1. (4.5)
Shape parameters α3, β1, γ2 are associated with the triangles ∆(Φ13,Φ123,Φ23),
∆(Φ12,Φ123,Φ13) and ∆(Φ23,Φ123,Φ12) respectively so that
Φ123 − Φ13 = α3(Φ123 − Φ23)
Φ123 − Φ12 = β1(Φ123 − Φ13)
Φ123 − Φ23 = γ2(Φ123 − Φ12)
(4.6)
which immediately implies that
α3β1γ2 = 1. (4.7)
The remaining consistency condition is obtained by eliminating Φ123 from any
two of the relations (4.6). It turns out that, remarkably, elimination of Φ123
from (4.6)1,2 leads to a constraint on the shape parameters only, namely
(α3β1 − 1)(α− 1) = (αβ − 1)(α3 − 1). (4.8)
It is emphasized that the above relation is invariant under cyclic permutation.
Thus, the following theorem may be formulated:
Theorem 3 (Clifford and Menelaus lattices). A lattice Φ : Z3 → C is
composed of Menelaus configurations or figures if and only if the associated
complex or real shape parameters, regarded as functions, satisfy the lattice equa-
tions
αβγ = 1, α3β1γ2 = 1, (α3β1 − 1)(α− 1) = (αβ − 1)(α3 − 1). (4.9)
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From the point of view of integrable systems, it is natural to investigate the
compatibility of the linear system (4.4) without referring to the genesis of the
shape parameters. Thus, the compatibility conditions (Φ12)3 = (Φ23)1 = (Φ13)2
lead to two equations of the form
E1k(Φ1 − Φ2) + E
2k(Φ2 − Φ3) = 0, k = 1, 2, (4.10)
where the coefficients Eik depend on the shape parameters. It turns out that
these coefficients vanish if and only if the shape parameters satisfy (4.9). Hence,
the ‘geometric integrability’ of Clifford lattices coincides with their algebraic
integrability and, in fact, (4.4) is nothing but a linear triad representation of
the nonlinear system (4.9) for the shape parameters. Moreover, the relations
(4.9)1,2 imply the parametrization
α =
φ1
φ2
, β =
φ2
φ3
, γ =
φ3
φ1
(4.11)
in terms of some function φ. The remaining relation (4.9)3 then reads
φ13 − φ12
φ1
+
φ12 − φ23
φ2
+
φ23 − φ13
φ3
= 0 (4.12)
which constitutes the integrable discrete dual KP wave function equation (2.12)2
with φ = f∗. Accordingly, the shape parameters of Clifford lattices admit the
eigenfunction and tau-function representations
α =
f∗
1
f∗
2
=
τ˜1τ2
τ˜2τ1
, β =
f∗
2
f∗
3
=
τ˜2τ3
τ˜3τ2
, γ =
f∗
3
f∗
1
=
τ˜3τ1
τ˜1τ3
. (4.13)
It is emphasized that even though we have adopted a particular parametriza-
tion of the Menelaus figures and configurations in the construction of associated
lattices, the symmetry of the Menelaus figures and configurations is still present
in the sense that all lines and circles appear on equal footing. In fact, if we
regard any three collinear points of a Menelaus figure as the vertices of a de-
generate triangle then Menelaus lattices, that is lattices which are composed of
Menelaus figures, admit the combinatorics of face-centred cubic (fcc) lattices.
Indeed, if we use the reparametrization
n4 = n2 + n3 − 1, n5 = n1 + n3 − 1, n6 = n1 + n2 − 1 (4.14)
then the lattice Φ assumes the form
Φ : G → C
G = {(n4, n5, n6) ∈ Z
3 : n4 + n5 + n6 odd}.
(4.15)
The edge structure of G induced by the edges of the ‘octahedral’ Menelaus
figures is obtained by starting at the vertex (1, 0, 0) and drawing diagonals
across the faces of the cubic lattice Z3. Thus, G is composed of octahedra and
tetrahedra and constitutes an fcc lattice with Φ1,Φ12,Φ2,Φ23,Φ3,Φ13 or, equiv-
alently, Φ4¯,Φ6,Φ5¯,Φ4,Φ6¯,Φ5 being the vertices of the octahedra. Accordingly,
the Menelaus figures (and configurations) may be regarded as the images of the
octahedra under the mapping Φ.
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4.2 The Menelaus reduction of Darboux lattices
In the preceding, it has been demonstrated that the fact that the Menelaus con-
figuration can be extended to a Clifford lattice encodes its integrability. Here,
we investigate this observation in more detail and show that the extensibil-
ity of a figure to a lattice may constitute a ‘test’ for integrability. Thus, for
simplicity, we confine ourselves to lattices with real shape parameters. Exam-
ples of such lattices are Menelaus lattices which correspond to real solutions
of the shape equations (4.9) or, equivalently, the discrete dual KP wave equa-
tion (4.12). Indeed, for any such solution, the linear system (4.4) is compatible
and M(Φ1,Φ12,Φ2,Φ23,Φ3,Φ13) = −1.
By virtue of the Ceva theorem given below, the linear system (4.4) may
likewise be associated with classical Ceva figures [27, 28] as displayed in Figure 5.
Theorem 4 (Ceva’s theorem and its converse). Let A,B,C be the vertices
of a triangle and D,E, F be three points on the edges of the triangle opposite to
A,B,C respectively. Then, the lines passing through the points (A,D), (B,E)
and (C,F ) are concurrent if and only if
AF
FB
BD
DC
CE
EA
= 1, (4.16)
where PQ/QR denotes the ratio of directed lengths associated with any three
collinear points P,Q,R.
R
2
A B
C
D
E
F
C
Φ1 Φ2
Φ3
Φ23
Φ13
Φ12
Figure 5: A Ceva figure
Indeed, if Φ1,Φ12,Φ2,Φ23,Φ3,Φ13 are six points defining a Ceva figure then
there exist real shape parameters α, β, γ such that the linear system (4.4) is
satisfied and
M(Φ1,Φ12,Φ2,Φ23,Φ3,Φ13) = 1 ⇔ αβγ = −1. (4.17)
However, if we demand that the above Ceva figure be part of a lattice with
real shape parameters then the linear system (4.6) must be satisfied for some
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real shape parameters α3, β1, γ2. Consequently, the points Φ12,Φ23,Φ13,Φ123
must be collinear. This is in contradiction with the Ceva figure but consistent
with the Menelaus figure. Thus, the multi-ratio M(Φ1,Φ12,Φ2,Φ23,Φ3,Φ13) is
required to be −1.
It is interesting to note that the linear system (4.4), written in the form
Φ12 = aΦ1 + a
′Φ2, a+ a
′ = 1
Φ23 = bΦ2 + b
′Φ3, b+ b
′ = 1
Φ13 = cΦ3 + c
′Φ1, c+ c
′ = 1,
(4.18)
has been exploited in [27] to give an algebraic proof of Menelaus’ theorem, that
is abc = −a′b′c′. Moreover, since a, . . . , c′ are real, we may think of Φ as a real
two-dimensional vector-valued function satisfying (4.18) and therefore
Φ12 − Φ = a(Φ1 − Φ) + a
′(Φ2 − Φ)
Φ23 − Φ = b(Φ2 − Φ) + b
′(Φ3 − Φ)
Φ13 − Φ = c(Φ3 − Φ) + c
′(Φ1 − Φ).
(4.19)
The latter constitutes the well-known discrete Darboux system [37, 38] on
the plane if the constraints (4.18)2,4,6 are ignored. Hence, Menelaus lattices
constitute a particular reduction of Darboux lattices on the plane. In fact,
if Φ is regarded as a vector in Rn then the system (4.18) is still compati-
ble and Φ defines a conjugate lattice [25] since the (degenerate) quadrilaterals
< Φ,Φi,Φk,Φik >, i 6= k are planar. Thus, the following theorem obtains:
Theorem 5 (Menelaus-Darboux lattices). The conjugate lattice Φ ∈ Rn
defined by the compatible linear triad
Φik − Φ =
φk
φk − φi
(Φi − Φ) +
φi
φi − φk
(Φk − Φ), i 6= k, (4.20)
where φ is a real solution of the discrete dual KP wave function equation (2.12)2,
consists of (planar) Menelaus figures with vertices Φ1,Φ12,Φ2,Φ23,Φ3,Φ13.
5 KdV, Schramm and Boussinesq reductions
The continuous KP equation and its hierarchy admit 1+1-dimensional reduc-
tions to the Korteweg-de Vries (KdV) and Boussinesq (BQ) equations and
their associated hierarchies. The Schwarzian analogues of these hierarchies and
their integrable discretizations may be obtained from the (discrete) SKP hi-
erarchy [39]. Here, we discuss the algebraic and geometric properties of two-
dimensional reductions of the dSKP equation.
17
5.1 The discrete Schwarzian KdV equation
We first observe that the dSKP equation M(Φ1,Φ12,Φ2,Φ23,Φ3,Φ13) = −1
may be written as equalities of cross-ratios. For instance, we may choose the
formulation
Q(Φ23,Φ1,Φ12,Φ2) = Q(Φ3,Φ13,Φ1,Φ23), (5.1)
where the cross-ratio Q of four points P1, P2, P3, P4 on the complex plane is
defined by
Q(P1, P2, P3, P4) =
(P1 − P2)(P3 − P4)
(P2 − P3)(P3 − P4)
. (5.2)
Thus, if we impose the constraint [39]
Φ23 = Φ (5.3)
then the dSKP equation reduces to
∆2Q(Φ,Φ1,Φ12,Φ2) = 0, (5.4)
whence
Q(Φ,Φ1,Φ12,Φ2) = ν(n1), (5.5)
where ν is an arbitrary function of n1. If, in addition, we demand that the
function ν be preserved by the group of inversive transformations then ν must
be real. This corresponds to a particular case of the discrete Schwarzian KdV
(dSKdV) equation [40] and implies that the points Φ,Φ1,Φ12,Φ2 lie on a circle.
The dSKdV equation is therefore located in the class of dSKP reductions of the
type
Q(Φ23,Φ1,Φ12,Φ2) = Q(Φ3,Φ13,Φ1,Φ23) ∈ R. (5.6)
The latter are associated with degenerate Menelaus configurations with two
touching circles as displayed in Figure 6. These two circles become parallel
1
23
3
13
212
23
1
3
2
13
12
Figure 6: Degenerate Menelaus configurations
straight lines if an inversion with respect to Φ23 is applied. The resulting con-
figurations as depicted in Figure 7 may be regarded as degenerate Menelaus
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Figure 7: Degenerate Menelaus figures
figures. It is also noted that since ν is independent of n2, the relation (5.5) de-
fines particular generalized discrete conformal mappings as introduced in [41].
The case µ = −1 corresponds to the standard definition of discrete conformal
mappings [41]. Accordingly, discrete conformal mappings give rise to special
degenerate Clifford lattices and their constituent Menelaus and C4 Clifford con-
figurations.
5.2 P lattices and Schramm’s circle patterns
Further degeneration of the Menelaus configuration leads to two pairs of touch-
ing circles. Indeed, if two points with complementary indices coincide, that is,
for instance,
Φ3 = Φ12, (5.7)
then a Menelaus configuration of the type displayed in Figure 8 is obtained. In
1
2
13
23
3
12
1 2
2313
Figure 8: A 5-point Menelaus configuration and its image under inversion
fact, five points Φ1,Φ12,Φ2,Φ23,Φ13 on the complex plane obey the multi-ratio
condition
M(Φ1,Φ12,Φ2,Φ23,Φ12,Φ13) = −1 (5.8)
if and only if the pairs of ‘opposite’ circles S(Φ1,Φ12,Φ2), S(Φ23,Φ12,Φ13) and
S(Φ12,Φ2,Φ23), S(Φ12,Φ13,Φ1) are tangent. In this case, inversion with respect
to Φ12 leads to two pairs of parallel straight lines (see Figure 8). Thus, if we
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impose the condition (5.7) on a Clifford lattice then the dSKP equation reduces
to (5.8) or, equivalently,
(Φ2¯ − Φ)(Φ1¯ − Φ2)(Φ− Φ1)
(Φ− Φ1¯)(Φ2 − Φ)(Φ1 − Φ2¯)
= −1 (5.9)
and the geometry of the corresponding two-dimensional lattice is characterized
by the property that any vertex Φ and its neighbours Φ1,Φ2,Φ1¯,Φ2¯ are po-
sitioned in such a way that opposite circles through these points are tangent.
Since inversion with respect to any given vertex Φ produces a parallelogram,
lattices of this kind are termed P lattices [42]. It is known that the assumption
that the elementary quadrilaterals are inscribed in circles which intersect orthog-
onally is admissible and preserves integrability [42]. Moreover, if the elementary
quadrilaterals are embedded then Schramm’s important circle patterns are re-
trieved [43]. These may be used to approximate analytic functions (see [44]).
5.3 The discrete Schwarzian Boussinesq equation
The reduction [39]
Φ123 = Φ (5.10)
leads to the two-dimensional lattice equationM(Φ1,Φ12,Φ2,Φ1¯,Φ1¯2¯,Φ2¯) = −1,
that is
(Φ1 − Φ12)(Φ2 − Φ1¯)(Φ1¯2¯ − Φ2¯)
(Φ12 − Φ2)(Φ1¯ − Φ1¯2¯)(Φ2¯ − Φ1)
= −1, (5.11)
which is known as the discrete Schwarzian Boussinesq (dSBQ) equation [45].
dSBQ lattices are therefore defined by the property that any sextuplet
(Φ1,Φ12,Φ2,Φ1¯,Φ1¯2¯,Φ2¯) represents a Menelaus configuration. Any six points
of this kind constitute the vertices of a hexagon if we extend the square lattice
to a triangular lattice by introducing one family of diagonals as indicated in
Figure 9. Since triangular lattices may be covered by three overlapping hexag-
onal sublattices, dSBQ lattices may also be interpreted as triangular lattices
which are such that the three honeycomb lattices are composed of Menelaus
configurations. These triangular lattices and their concomitant hexagonal lat-
tices have recently been introduced and discussed in detail in [46] in the context
of hexagonal circle patterns. The Menelaus connection presented here therefore
provides a geometric interpretation of these lattices and, by construction, their
integrability is inherited from Clifford lattices. A geometric description of the
multi-ratio condition (5.11) in the case of six concyclic points has been given
earlier in [47].
In conclusion, it is noted that there exist other canonical integrable reduc-
tions of the dSKP equation such as periodic fixed point reductions and symmetry
reductions associated with the group of inversive transformations. For instance,
we may assume that a Clifford lattice is invariant under inversion in a circle
which is equivalent to considering Clifford lattices on a circle. Thus, if we focus
on the unit circle centred at the origin then the parametrization
Φ = e2iω (5.12)
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Figure 9: The dSBQ grid
reduces the dSKP equation to
sin(ω1 − ω12) sin(ω2 − ω23) sin(ω3 − ω13)
sin(ω12 − ω2) sin(ω23 − ω3) sin(ω13 − ω1)
= −1. (5.13)
The corresponding ‘circular’ lattices may be mapped to the complex plane by
means of a Combescure-type transformation which, in fact, exists for any Clif-
ford lattice. Indeed, it is readily verified that if Φ constitutes a solution of
the dSKP equation with corresponding shape parameters α, β, γ then the linear
system
ρ2 − ρ = α(ρ1 − ρ)
ρ3 − ρ = β(ρ2 − ρ)
ρ1 − ρ = γ(ρ3 − ρ)
(5.14)
is compatible. The compatibility of this linear system which may be regarded
as adjoint to (4.4) guarantees that there exists a bilinear potential Φ′ defined by
Φ′i − Φ
′ = ρ(Φi − Φ), i = 1, 2, 3. (5.15)
It is readily verified that Φ′ constitutes another solution of the dSKP equation.
6 The natural continuum limit. (Quasi-)confor-
mal mappings
The standard continuum limit of the dSKP equation represented by Φi(t) =
Φ(t+ [ai]), ai → 0 gives rise to the SKP hierarchy [12, 13, 15]. However, from a
geometric point of view, it is natural to consider the limit in which the polygons
Φ(ni = const, nk = const) become coordinate lines on the complex plane. Thus,
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we regard the differences ∆iΦ = Φi − Φ between two neighbouring points Φi
and Φ as approximations of derivatives, that is
Φi = Φ+ ǫΦxi +O(ǫ
2), i = 1, 2, 3, (6.1)
where ǫ is a lattice parameter and Φxi = ∂Φ/∂xi. In the limit ǫ → 0 and
(x1, x2, x3) = (x, y, t), the dSKP then reduces to
(
ln
Φx
Φy
)
t
+
(
ln
Φy
Φt
)
x
+
(
ln
Φt
Φx
)
y
= 0, (6.2)
while the linear system (4.4) reads
Φy = αΦx, Φt = βΦy, Φx = γΦt. (6.3)
In addition to the group of inversive transformations, equation (6.2) is invariant
under Φ → F (Φ), where F is an arbitrary differentiable function. The solu-
tions of (6.2) constitute mappings Φ : R3 → C to which we shall refer as SKP
mappings.
As in the discrete case, the linear system (6.3) implies that the ‘continuous’
shape factors α, β, γ are constrained by αβγ = 1. Accordingly, if we set δ = 1/γ
then SKP mappings are obtained by integrating the linear pair
Φy = αΦx, Φt = δΦx, (6.4)
where α, δ are solutions of the coupled nonlinear system
αt + αδx = δy + δαx, (1 − δ)αt = (1− α)δy . (6.5)
The latter comprises (6.2) written in terms of the shape factors and the com-
patibility condition for (6.4). An alternative form of (6.5) is given by the single
equation
(eϕy − eϕt)ϕyt + (1 + e
ϕt)ϕxy − (1 + e
ϕy)ϕxt = 0 (6.6)
with α = 1 + e−ϕy , δ = 1 + e−ϕt . In terms of the variables
µ =
i− α
i + α
, z = x+ iy, (6.7)
the linear system (6.4) reads
Φz¯ = µΦz , Φt = δ(Φz +Φz¯) (6.8)
so that it becomes transparent that SKP mappings are descriptive of partic-
ular evolutions of quasi-conformal mappings if the variable t is interpreted as
time. Here, we assume that the coefficient µ in the Beltrami equation (6.8)1 is
bounded. In other words, any SKP mapping consists of a one-parameter family
Φ(t) of quasi-conformal mappings.
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6.1 SKdV mappings
The continuum limit of the constraint (5.3) corresponding to the dSKdV equa-
tion is readily seen to be
Φy +Φt = 0. (6.9)
Accordingly, β = −1 and α = α(x). The associated SKP mappings are then
defined by the Beltrami equation
Φz¯ = µ(z + z¯)Φz, (6.10)
where µ is an arbitrary function of its argument. Thus, the SKdV mappings
Φ(t = const) : C → C constitute quasi-conformal mappings with complex dila-
tions of the form µ = µ(z + z¯). If the shape factor α is purely imaginary then
we may assume without loss of generality that α = ±i. This corresponds to
µ = 0 or µ → ∞ and therefore Φz¯ = 0 or Φz = 0. In this way, analytic or
anti-analytic functions are obtained. This is in agreement with the fact that
the discrete SKdV equation (5.5) with ν = −1 reduces to Φ2x/Φ
2
y = −1 in the
continuum limit ǫ→ 0 and therefore defines (anti-)analytic functions [41].
6.2 SBQ mappings
The continuum limit of the constraint (5.10) corresponding to the dSBQ equa-
tion is given by
Φx +Φy +Φt = 0. (6.11)
This implies that 1 + α+ αβ = 0 and hence the associated SKP mappings are
obtained via
Φz¯ = µΦz, µz¯ =
1− 2iµ
2i + µ
µz . (6.12)
Thus, the SBQ mappings Φ(t = const) : C → C constitute quasi-conformal
mappings with complex dilations µ given implicitly by
µ = G((2i + µ)z + (1− 2iµ)z¯), (6.13)
where G is an arbitrary differentiable function.
To summarize, it has been shown that the scalar equation (6.2) and its canon-
ical reductions define classes of ‘integrable’ quasi-conformal mappings. The so-
lutions of the dSKP equation and the dSKdV and dSBQ reductions (5.5), (5.11)
may therefore be regarded as their integrable discretizations.
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